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0.
$k$
$Hom(-, -)=Hom_{k}(-, -),$ $\otimes=\otimes_{k}$ $k$- $A,$ $k$- $C,$ $A$-
$C$-
1
$A=(A, \mu, \eta)$ $k$- $\mu$ : $A\otimes Aarrow A,$ $\eta$ : $karrow A$
:
$\mu(\mu\otimes 1)=\mu(1\otimes\mu)$ , $\mu(1\otimes\eta)=\mu(\eta\otimes 1)=1$ .
$C=(C, \triangle, \epsilon)$ $k$- $\triangle$ : $Carrow C\otimes C$ , $\epsilon$ : $Carrow k$
:
$(1\otimes\triangle)\Delta=(\Delta\otimes 1)\triangle$ , $(1\otimes\epsilon)\triangle=(\epsilon\otimes 1)\triangle=1$ .
$M=(M, \psi^{+}, \psi^{-})$ $A$- $A$- $\psi^{+}$ :
$M\otimes Aarrow M$ , $\psi^{-}:A\otimes Marrow M$ :
$\psi^{+}(\psi^{+}\otimes 1)=\psi^{+}(1\otimes\mu)$ , $\psi^{-}(1\otimes\psi^{-})=\psi^{-}(\mu\otimes 1)$ ,
$\psi^{+}(\psi^{-}\otimes 1)=\psi^{-}(1\otimes\psi^{+})$ , $\psi^{+}(1\otimes\eta)=\psi^{-}(\eta\otimes 1)=1$ .
$N=(N, \rho^{+}, \rho^{-})$ $C$- $C$- $\rho^{+}$ :
$Narrow N\otimes C$ , $\rho^{-}:Narrow C\otimes N$ :
$(\rho^{+}\otimes 1)\rho^{+}=(1\otimes\triangle)\rho^{+}$ , $(1\otimes\rho^{-})\rho^{-}=(\triangle\otimes 1)\rho^{-}$ ,
$(\rho^{-}\otimes 1)\rho^{+}=(1\otimes\rho^{+})\rho^{-}$ , $(1\otimes\epsilon)\rho^{+}=(\epsilon\otimes 1)\rho^{-}=1$ .
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[A], [S]
$C=(C, \triangle, \epsilon)$ $N=(N, \rho^{+}, \rho^{-})$ $C$-
$C^{*}=Hom(C, k)$ $C$
$\circ:C^{*}\otimes C^{*}arrow C^{*}$ , $(fog)(c)=(f\otimes g)\triangle(c)$ $(\forall f, g\in C^{*}, c\in C)$
$\eta:karrow C^{*}$ , $\eta(\alpha)(c)=\alpha\epsilon(c)$ $(\forall\alpha\in k)$
$k$- $N^{*}=Hom(N, k)$ $c*$- :
$n^{*}\cdot f=(n^{*}\otimes f)\rho^{+}$ , $f\cdot n^{*}=(f\otimes n^{*})\rho^{-}$
$k$- $A$ $A^{*}=Hom(A, k)$ $k$-
(functor) $Hom$
$k$- $A$ $A$- k-
$C$ $C$- $Hom$ $k$- $A$ $A$-
(generalized coderivation)
$A=(A, \mu, \eta)$ $k$- $M=(M, \psi^{+}, \psi^{-})$ $A$- $d$ : $Aarrow M$
(derivation) $a,$ $b\in A$
$d(ab)=d(a)b+ad(b)$
(diagram)
$C=(C, \triangle, \epsilon)$ $C$- $N=(N, \rho^{+}, \rho^{-})$ :
$d$ : $Narrow C,$ $s.t$ . $\triangle d=(d\otimes 1)\rho^{+}+(1\otimes d)\rho^{-}$ .
$d$ $N$ $C$ (coderivation) $d^{*}$ :
$c*arrow N^{*}$ $f,$ $g\in C^{*}$
$d^{*}(f\circ g)=(f\otimes g)\triangle d=(fd\otimes g)\rho^{+}+(f\otimes gd)\rho^{-}=d^{*}(f)\cdot g+f\cdot d^{*}(g)$
$d^{*}$ : $c*arrow N^{*}$ $d$ : $Aarrow M$ (inner derivation)
$a\in A$ $d(a)=am-ma$ $m\in M$
(inner coderivation)d
$d:Narrow C$, $\exists\xi\in N^{*}=Hom(N, k)s.t$ . $d=(\xi\otimes 1)\rho^{+}-(1\otimes\xi)\rho^{-}$
$f\in C^{*}$
$d^{*}(f)=f((\xi\otimes 1)\rho^{+}-(1\otimes\xi)\rho^{-})=(\xi\otimes f)\rho^{+}-(f\otimes\xi)\rho^{-}=\xi\cdot f-f\cdot\xi$
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$d^{*}$ : $c*arrow N^{*}$ $\xi$
$f$ : $Aarrow M$ (generalized derivation) $a,$ $b\in A$
$f(ab)=f(a)b+af(b)+amb$ $(\forall a, b\in A)$
$m\in M$ $f(a)=am+na$ $m,$ $n\in M$
$f$ (generalized inner derivation)
$(f, m)$ $m=0$ $(f)0)$
[B] M. Bresar $A$
[N2], [KN] [H],
[L]
$f$ : $Narrow C$ (generalized coderivation)
$\xi\in N^{*}$ :
$\Delta f=(f\otimes 1)\rho^{+}+(1\otimes f)\rho^{-}+(1\otimes\xi\otimes 1)(\rho^{-}\otimes 1)\rho^{+}$.
$(f, \xi)$
$f=(\xi\otimes 1)\rho^{+}+(1\otimes\gamma)\rho^{-}$





(1) $f$ : $Narrow C$ $f^{*}:C^{*}arrow N^{*}$ $(f, \xi)$ : $Narrow C$
$(f^{*}, \xi)$ : $c*arrow N^{*}$
(2) $d$ : $Narrow C$ $\epsilon d=0$
(3) $(f, \xi)$ : $Narrow C$ $\epsilon f+\xi=0$
$d_{1}=f+(\xi\otimes 1)\rho^{+}$ , $d_{2}=f+(1\otimes\xi)\rho^{-}:Narrow C$
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(4) $k$- $f$ : $Narrow k$ $((f\otimes 1)\rho^{+}, -f)$
:(1) $c^{*},$ $d^{*}\in c*$ $(f, \xi)$
$c*$ $N^{*}$
$f^{*}(c^{*}\circ d^{*})=(c^{*}\otimes d^{*})\triangle f$
$=(c^{*}\cdot f\otimes d^{*})\rho^{+}+(c^{*}\otimes d^{*}\cdot f)\rho^{-}+((c^{*}\otimes\xi)\rho^{-}\otimes d^{*})\rho^{+}$
$=f^{*}(c^{*})\cdot d^{*}+c^{*}\cdot f^{*}(d^{*})+c^{*}\cdot\xi\cdot d^{*}$
$(f^{*}, \xi)$
(2) $(1\otimes\epsilon)\triangle d=d=d+(1\otimes\epsilon d)\rho^{-}$ $(\epsilon\otimes 1)(1\otimes\epsilon d)\rho^{-}=(1\otimes\epsilon d)=0$ .
$\epsilon d=0$ .
(3) $(f, \xi)$ (1) $\epsilon f+\xi=0$
$N$ C-
$\triangle d_{1}-(d_{1}\otimes 1)\rho^{+}-(1\otimes d_{1})\rho^{-}=\triangle(\xi\otimes 1)\rho^{+}-(\xi\otimes 1\otimes 1)(1\otimes\Delta)\rho^{+}=0$
$d_{1}$ $d_{2}$
(4)
1.2 $M,$ $N$ $C$- $g:Marrow N$ $C$-
$(f, \xi):Narrow C$ $(fg, \xi g):Marrow C$
: $C$- $X$ $\rho_{X}^{+}$ : $Xarrow X\otimes C,$ $\rho_{\overline{X}}:Xarrow C\otimes X$
$\rho_{N}^{+}g=(g\otimes 1)\rho_{N}^{+},$ $\rho_{\overline{N}}g=(1\otimes g)\rho_{M}^{-}$
$\triangle fg$
1.3 $(f, \xi),$ $(g, \gamma):Carrow C$ $[f, g]=fg-gf$
$([f, g], \xi g-\gamma f):Carrow C$
: :
$\triangle(fg-gf)=([f, g]\otimes 1+1\otimes[f, g])\triangle$
$+(f\otimes 1+1\otimes f)(1\otimes\gamma\otimes 1)(\triangle\otimes 1)\triangle+(1\otimes\xi\otimes 1)(\triangle\otimes 1)\Delta g$
$-(g\otimes 1+1\otimes g)(1\otimes\xi\otimes 1)(\triangle\otimes 1)\triangle-(1\otimes\gamma\otimes 1)(\triangle\otimes 1)\triangle f$ ,
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$(1\otimes\xi\otimes 1)(\triangle\otimes 1)\triangle g$
$=(g\otimes 1+1\otimes g)(1\otimes\xi\otimes 1)(\triangle\otimes 1)\triangle+(1\otimes\gamma\otimes\xi\otimes 1)(\triangle\otimes 1\otimes 1)(\triangle\otimes 1)\triangle$
$+(1\otimes\xi g\otimes 1)(\triangle\otimes 1)\triangle+(1\otimes\xi\otimes\gamma\otimes 1)(\triangle\otimes 1\otimes 1)(\triangle\otimes 1)\}\triangle$ ,
$(1\otimes\gamma\otimes 1)(\triangle\otimes 1)\Delta f$
$=(f\otimes 1+1\otimes f)(1\otimes\xi\otimes 1)(\triangle\otimes 1)\triangle+(1\otimes\xi\otimes\gamma\otimes 1)(\triangle\otimes 1\otimes 1)(\triangle\otimes 1)\triangle$
$+(1\otimes\gamma f\otimes 1)(\triangle\otimes 1)\triangle+(1\otimes\gamma\otimes\xi\otimes 1)(\triangle\otimes 1\otimes 1)(\triangle\otimes 1)\}\triangle$.
$\triangle[f, g]=([f, g]\otimes 1+1\otimes[f)g])\Delta+(1\otimes(\xi g-\gamma f)\otimes 1)(\triangle\otimes 1)\triangle$
$([f, g], \xi g-\gamma f)$ $C$ $C$
$(f, \xi),$ $(g, \gamma)$ : $Carrow C$ :
$[(f, \xi), (g, \gamma)]=([f, g], \xi g-\gamma f)$ .
$C$ $C$ gCoder(C)
$C^{*}=Hom(C, k)$ $0$ $k$-
:
$[f)g]=g\circ f-f\circ g=(g\otimes f-f\otimes g)\Delta$ , $(f, g\in C^{*})$ .
2.
11 :
2.1 $C$- $M$ 4 :
$\psi_{M}$ :Coder$(M, C)\ni d\mapsto(d, 0)\in$ gCoder$(M, C)$ ,
$\psi_{M}’$ : $gCoder(M, C)\ni(f, \xi)\mapsto f+(\xi\otimes 1)\rho^{+}\in$ Coder $(M, C)$ ,
$\varphi_{M}:gCoder(M, C)\ni(f, \xi)\mapsto-\xi\in Hom(M, k)$ ,
$\varphi_{M}’:Hom(M, k)\ni\xi\mapsto((\xi\otimes 1)\rho^{+}, -\xi)\in gCoder(M, C)$ .
$\psi_{M}’\psi_{M}=1,$ $\varphi_{M}\varphi_{M}’=1$
$0arrow$ Coder$(M,|C)arrow$ gCoder $(M, C)arrow\varphi_{M}Hom(M, k)arrow 0$
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- (split) (exact sequence) Coder $(M, C)$
gCoder$(M, C)$ $C$- $M$ $C$
$C$- -
:
$gCoder(-, C)\cong$ Coder $(-, C)\oplus\epsilon Hom(-, k)$ .
[D] $L$
$\triangle$ : $Carrow C\otimes C$ (cokernel) $\omega$ : $C\otimes Carrow L$
$0arrow Carrow^{\triangle}C\otimes Carrow^{\omega}Larrow 0$
$C$- $\lambda$
$\lambda:L\ni\omega(c\otimes c’)\mapsto c\epsilon(c’)-\epsilon(c)c’\in C$
$Com_{C}(M, L)$ $M$ $L$ $C$-
$\lambda$ ( $[D$ , 13]) :
$C$- $M$
$Com_{C}(M, L)\ni\sigma\mapsto\lambda\sigma\in$ Coder$(M, C)$
$k$- 21
22 $C$- $M$ $k$- :
$\Phi$ : $Com_{C}(M, L)\oplus M^{*}\ni(\sigma, \xi)\mapsto(\lambda\sigma+(\xi\otimes 1)\rho^{+}, -\xi)\in$ gCoder $(M, C)$ .
$M$ $C$- $c*$ $k$- $M^{*}$ $c*$ -
Der$(C^{*}, M^{*})$ $gDer(C^{*}, M^{*})$ $c*$ $M^{*}$
[N2] :
$0arrow$ Der $(C^{*}, M^{*})arrow gDer(C^{*}\psi_{NI^{*}}, M^{*})arrow M^{*}\varphi_{AI^{*}}arrow 0$ .
$\psi_{M^{*}}(\alpha)=(\alpha, 0)$ , $\varphi_{M^{*}}(\beta, m^{*})=m^{*}$
$\alpha\in$ Der $(C^{*}, M^{*})$ , $\beta\in gDer(C^{*}, M^{*})$ , $m^{*}\in M^{*}$
$f$ : $Marrow C$ $f^{*}:c*arrow M^{*}$ $k$-
$\theta$ :Coder$(C, M)\ni f\mapsto f^{*}\in$ Der $(C^{*}, M^{*})$ ,
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$(f, \xi)$ : $Marrow C$ :
$(f^{*}, \xi):C^{*}arrow M^{*}$ .
21 :
23 $C$- $M$ $k$-
:
$0arrow$ Coder $(M, C)arrow^{\psi_{M}}$ gCoder $(M, C)arrow^{\varphi_{l\nu I}}M^{*}arrow 0$
$\theta_{0}\downarrow$ $\theta\downarrow$ $1\downarrow$
$0arrow$ Der $(C^{*}, M^{*})arrow^{\psi-}gDer(C^{*}, M^{*})arrow^{\varphi_{M}^{.}}M^{*}arrow 0$ .
$\theta_{0}(f)=f^{*}$ ( $f\in$ Coder $(M,$ $C)$ ) $k$ $\theta_{0}$
$\theta$
24 :
$0arrow$ Coder$(C)arrow^{\psi_{C}}gCoder(C)arrow^{\phi_{A\prime I}}C^{*}arrow 0$
$\theta_{0\downarrow}$ $\theta\downarrow$ $1\downarrow$
$0arrow$ Der $(C^{*})$ $arrow^{\psi}gDer(C^{*})$ $arrow^{\phi_{C}^{\dot}}C^{*}arrow 0$ .
23 24 $\theta_{0}$ $C$ $k$-
4.
$k$- $A$ $\mu$ : $A\otimes Aarrow A$ $A$- (split)
$A$ $A$
$M$ , $d$ : $Aarrow M$
31 $A$- $M$
(1) $d$ : $Aarrow M$
(2) $(f, m)$ : $Aarrow M$
: (1) $\Rightarrow(2)$ . $(d, m)$ $(d+m_{\ell})(a)=d(a)+ma$
$(d+m_{\ell})(a)=ax-xa(x\in M)$ $d(a)=ax+(-m-x)a$.
$d$
(2) $\Rightarrow(1)$ . $d$ : $Aarrow M$




$(d, m)$ : $Aarrow M$
$k$- $C$ $\triangle$ : $Carrow C\otimes C$ $C$-
$C$
$C$ $C$- $N$
$f$ : $Narrow C$
33 $C$- $N$
(1) $f$ : $Narrow C$
(2) $(f, \xi)$ : $Narrow C$
$:$ (1) $\Rightarrow(2)$ . $(f, \xi)$ $g=f+(\xi\otimes 1)\rho^{+}$
$f$
$\triangle g=(f\otimes 1)\rho^{+}+(1\otimes f)\rho^{-}+(1\otimes\xi\otimes 1)(\rho^{-}\otimes 1)\rho^{+}+(\xi\otimes 1\otimes 1)(1\otimes\triangle)\rho^{+}$.
$\triangle g-(g\otimes 1)\rho^{+}-(1\otimes g)\rho^{-}=(1\otimes\xi\otimes 1)((\rho^{-}\otimes 1)\rho^{+}-(1\otimes\rho^{+})\rho^{-})$
$+(\xi\otimes 1\otimes 1)((1\otimes\triangle)\rho^{+}-(\rho^{+}\otimes 1)\rho^{+})$ .
$N$ $C$-
$(\rho^{-}\otimes 1)\rho^{+}=(1\otimes\rho^{+})\rho^{-},$ $(1\otimes\triangle)\rho^{+}=(\rho^{+}\otimes 1)\rho^{+}$
$\triangle g=(g\otimes 1)\rho^{+}+(1\otimes g)\rho^{-}$ . $g$
$\lambda\in N^{*}$ $g=(\lambda\otimes 1)\rho^{+}-(1\otimes\lambda)\rho^{-}$
$f=((\lambda-\xi)\otimes 1)\rho^{+}+(1\otimes(-\lambda))\rho^{-}$
(2) $\Rightarrow(1)$ . $f$ $f=(f, 0)$
$\xi,$ $\gamma\in N^{*}$ $f=(\xi\otimes 1)\rho^{+}+(1\otimes\gamma)\rho^{-}$
1.1(2)




$(f, \xi)$ : $Narrow C$
(coseparable coextension)
[Nl] 2 $k$- $C,$ $D$
$\varphi$ : $Carrow D$ $C$ $\triangle c$ : $Carrow C\otimes C$ $C$
$D$- :
$\rho^{+}=(1\otimes\varphi)\Delta_{C}$ : $Carrow C\otimes Carrow C\otimes D$ ,
$\rho^{-}=(\varphi\otimes 1)\triangle c$ : $Carrow C\otimes Carrow D\otimes C$ .
$Ker(\rho^{+}\otimes 1-1\otimes\rho^{-})$ $D$ $C$ (cotensor product)
$C\coprod_{D}C$
$0arrow C\coprod_{D}Carrow C\otimes Carrow^{\rho^{+}\otimes 1-1\otimes\rho^{-}}C\otimes D\otimes C$
$C$- $(\rho^{+}\otimes 1)\triangle_{C}=(1\otimes\rho^{-})\triangle_{C}$
$\triangle c:Carrow C\coprod_{D}C$
$A/B$ $B$ $A\otimes_{B}A$ $D$
$C\coprod_{D}C$ $C$- $N$
$(1\otimes\varphi)\rho^{+}:Narrow N\otimes Carrow N\otimes D$ , $(\varphi\otimes 1)\rho^{-}:Narrow C\otimes Narrow D\otimes N$
$D$- $N\coprod_{D}C,$ $C\coprod_{D}N$
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